Robust H ∞ output feedback control of bidirectional inductive power transfer systems AKSHYA SWAIN, DHAFER ALMAKHLES, MICHAEL J. NEATH and ALIREZA NASIRI Bidirectional Inductive power transfer (IPT) systems behave as high order resonant networks and hence are highly sensitive to changes in system parameters. Traditional PID controllers often fail to maintain satisfactory power regulation in the presence of parametric uncertainties. To overcome these problems, this paper proposes a robust controller which is designed using linear matrix inequality (LMI) techniques. The output sensitivity to parametric uncertainty is explored and a linear fractional transformation of the nominal model and its uncertainty is discussed to generate a standard configuration for µ-synthesis and LMI analysis. An H ∞ controller is designed based on the structured singular value and LMI feasibility analysis with regard to uncertainties in the primary tuning capacitance, the primary and pickup inductors and the mutual inductance. Robust stability and robust performance of the system is studied through µ-synthesis and LMI feasibility analysis. Simulations and experiments are conducted to verify the power regulation performance of the proposed controller.
Introduction
Wireless power transfer technology (WPT) is an efficient method of delivering power between two physically isolated systems either through means of a time-varying magnetic field (e.g. Inductive Power Transfer (IPT)) or through the use of electric field coupling ( e.g. Capacitive Power Transfer (CPT)). These technologies allow power transfer to take place in environments unsuited for conventional means of energy transfer, and various circuit topologies have been successfully proposed and implemented to cater for a wide range of applications from low power designs for bio-medical implants to high power battery charging systems [27, 5, 17, 14, 16] . Their resilience to harsh external conditions have led to an increase of IPT systems found in areas such as materials handling, renewable energy and heating in recent times [18, 3] . IPT systems for electric vehicles (EVs) have been a focal point of interest in recent years, to meet the growing demand for renewable energy. Bidirectional IPT systems are ideal for vehicle-to-grid (V2G) and G2V applications as they are more tamper proof and are able to function in harsh weather conditions [37, 24] .
Bidirectional IPT systems suffer significant performance degradation when detuned and thus parallel and series compensations are typically used to improve the powerhandling capabilities of IPT systems, causing the systems to behave as high-order resonant networks [29, 26, 11] . As a consequence, IPT systems are complex in nature and are difficult to both design and control when maintained at an operating frequency of 10-100 kHz [36] . Two separate controllers are required to facilitate power flow across the coils, which are dedicated to controlling the converters of either side of the system. In contrast to unidirectional systems, bidirectional IPT systems are even higher order resonant networks and more complex.
In the past, most IPT systems have utilised various types of controllers including directional tuning, fuzzy, bit-stream and simple PI and PID controllers as a means of verifying a model or particular control strategy [7, 6, 9, 10, 8, 12, 13, 31, 32] . These controllers give sub-optimal performance if not correctly tuned and are vulnerable to system disturbances and parametric variations which are prevalent in such systems. Recently the authors in [23] have applied multi-objective genetic algorithms to tune the PID parameters. Such controllers are also associated with tedious tuning processes often involving trial and error, motivating a model based robust controller design approach to overcome such problems.
In recent years, H ∞ controllers have gained popularity as a solution to the low robustness of PID controllers [35, 21] . Robust controllers for uni-directional systems have been developed in [19] , where the authors have designed a robust controller for frequency uncertainty. Further, the Linear Matrix Inequality (LMI) framework has been used to design optimal robust controllers which both satisfies robustness as well as the necessary performance parameters [25, 39, 15] . This paper proposes a model based design approach of an H ∞ robust controller for bi-directional IPT systems which can effectively reduce the effects of uncertainties of the system parameters. Due to the complexity of optimal H ∞ controllers, the proposed controller, designed using the LMI method, is reduced to a 2nd order polynomial during the experimental stage. The rest of the paper is organised as follows: Section 2 describes the bidirectional IPT system in detail including the dynamic model of the system . The controller design and synthesis as well as the modelling of uncertainties are described in section 3. Simulation and experimental results are presented in Section 4 with conclusions in Section 5.
Bidirectional IPT system
A typical bidirectional IPT system consists of a primary and a secondary side and is shown in Fig. 1 . Both sides contain identical circuitry including a converter, an inductorcapacitor-inductor (LCL) resonant network with a series capacitor and dedicated con- troller which operates independently. The primary side converter generate a sinusoidal current at a desired frequency f 0 in the primary winding L pt . Both LCL circuits are tuned to the frequency of the primary track current i pt . A voltage is induced in the secondary pickup coil L st as it is magnetically coupled with the primary. The voltage vectors are controlled by varying the phase angle α which in turn controls the voltage of the system. A phase angle difference of ±90 degrees results in maximum power transfer, where a leading phase angle constitutes power transfer from the secondary to the primary and likewise a lagging phase angle enables power transfer from the primary to the secondary. Fig. 2 shows the bidirectional IPT system represented in schematic form. The dynamic model of this circuit developed in [34, 30, 33] is described as : Let the input vector u be denoted as:
Dynamic model
where u 1 = v pi is the input voltage applied at the primary side. Note that this voltage is essentially the output voltage of the primary side converter and u 2 = v so = voltage at the pick-up side. Following the basic principles of circuit theory, the dynamic model can be expressed by the 8 differential equations as follows:
(1)
This can be expressed in the standard state space form as :
where the system matrix A is given by
and the input matrix B is given by
Considering the track current i T = x 4 and pick-up current i so = x 5 as outputs, the output equation can be written as:
where
The relative gain array (RGA) analysis performed in [30] suggests strong interaction between output y 1 and input u 1 as well as between output y 2 and input u 2 . From this it can be seen that the system can be controlled using a decentralized approach. It should also be noted that this is the ideal control configuration as it will allow the primary and secondary sides to be controlled independently without the need for communication. 
Bidirectional IPT pickup-side controller
Robustness is a crucially important component of control theory, as real engineering systems are vulnerable to external disturbances, measurement noise and modeling uncertainties. In terms of IPT systems, uncertainties and disturbances may cause frequency drifts, loss of efficiency or instability. One typical source of uncertainty is the discrepancy between the mathematical model and the physical system.
As inferred from the relative gain array analysis, decentralized control is an acceptable method for obtaining the desired response. Therefore, the proposed controller ensures the control of the secondary side only, whilst the primary side controller is operated at a fixed phase angle using an open-loop controller. The pickup controller regulates the output power P si by varying the voltage v si applied to the secondary side's resonant network as [23] :
Voltage v si can be controlled by varying the secondary side phase angel α s . The voltage produced by the pick up converter can be expressed in terms of α s as :
where V sin is the dc voltage of the active load supplied by the pickup-side converter. Fig. 3 shows how the interaction between the angle α and the input switching signals.
It can be seen from this that variations in αchange the output voltage V pi by varying its duty cycle.
Singular value sensitivity
The concept of sensitivity is very useful in the analysis and controller design for feedback systems [22, 1, 2] . An important issue in designing a controller for an IPT system is the sensitivity of outputs to parameter variations. It is therefore appropriate to conduct a sensitivity analysis of the system to quantify the effect of variations of system parameters on the overall system model and provide better insight on controller behaviour when exposed to disturbances.
Singular value sensitivity is an effective method for quantifying the effect the parametric uncertainties on the system model. Suppose the transfer function matrix (TFM) of the nominal system is G 0 ( jω). Let the TFM of the real system be G ′ ( jω). Then,
, by a variation in parameter p by an amount ∆p. The sensitivity of a particular value σ from its nominal value σ 0 due to variations of a paramenter p is defined as:
For a perturbed system, the limits of the output are bounded byσ(G ′ ( jω)) and σ(G ′ ( jω)). Similarly the maximum and minimum deviations of the output are bounded byσ(∆G( jω)) and σ(∆G( jω)). Table 1 shows the singular value sensitivities for a range of variations in system parameters, where the percentage change in maximum value ∆σ(%) is defined by
The magnitude of the sensitivity of the maximum singular values is defined as:
Table-1 shows parameters computed by varying the primary tuning capacitance C T , primary track inductance L T and secondary inductance L si at 20kHz. It can be concluded that bidirectional IPT systems are very sensitive to changes in the tuning capacitance, which can be attributed to the fact that C T is used as the tuning capacitance for both inductors of the LCL circuit. The sensitivity of the system to variations in the pickup inductance is lower for the same reason as well as due to changes in the magnetic coupling. This further validates the need for a robust controller that adequately deals with parametric uncertainties.
Modelling of uncertain systems
In many robust design problems, the uncertainties include unstructred uncertainties such as unmodelled dynamics and parameter variations. Many dynamic perturbations that occur in different parts of a system can be lumped into one single perturbation block ∆. Through the use of linear fractional transformations (LFTs), the uncertain parts can be taken out of the dynamics and the whole system can be arranged in the standard linear fractional transformation F u (M, ∆) [4] . In a realistic system, the three physical parameters C T ,L T and L si are not exactly known. However, it can be assumed that these values are within certain known intervals, represented as:
where C T 0 , L T 0 , and L si 0 are the nominal values for C T ,L T and L si respectively. p c ,p t ,p s and δ c ,δ t ,δ s represent the relative perturbations on these parameters. In the present study, it is assumed that 
and can be modelled by an LFT formulation in terms of β, as can variations in parameters
in terms of p , δ and their nominal values. Many dynamic perturbations that occur in different parts of a system can be lumped into one single perturbation block ∆. Through the use of linear fractional transformations (LFTs), the uncertain parts can be taken out of the dynamics and the whole system can be arranged in the standard linear fractional transformation [4, 28] The dynamic behavior of the nominal system can be described as:
where x ∈ R n is the state variable vector, u ∈ R m is the system input, y ∈ R r is the measurement output and u p ∈ C p and y p ∈ C p are uncertainty signals described by 
The matrices A,B 2 = B and C 2 = C are the system, input and output matrices respectively and B 1 ,C 1 and D are given by 
The block diagram of the closed loop system is shown in Fig-5 where d is the disturbance on the system output with finite energy. W 1 is a weighting function which is selected to tailor the tracking requirement and similarly W 2 is used to ensure good noise rejection. The weighting functions are generally used because it is often undesirable Figure 5 : Block diagram of closed-loop system structure and unfeasible to minimize the sensitivity over all frequencies. The weighting functions are chosen by the designer to tailor the tracking requirement and are usually high gain low pass filters. By applying the weights, instead of minimizing the sensitivity function alone, the weight W 1 is applied and ∥ W 1 S ∥ ∞ is minimized. Similarly for good noise rejection, a control weighting function W 2 is used such that ∥ W 2 KS ∥ ∞ is minimized [28, 4] .
To obtain a good control design, it is necessary to select suitable weighting functions. The performance and control weighting functions that have been used in this work are given in the form [28] 
where β is the d.c gain of the function which controls the disturbance rejection,α is the high frequency gain which controls the response peak overshoot, ζ 1 and ζ 2 are the damping ratios of the cross over frequency, ω bc is the controller bandwidth, M u is the peak magnitude of the sensitivity function and ε is a parameter chosen to be a small value which lies usually in the range 0.01 to 0.1.
Robust control design using Linear Matrix Inequalities
The formulation of the H ∞ synthesis problem can achieve a set of desired controllers by resolving a convex optimization problems with a set of linear matrix inequality (LMI) constraints in the form [38, 20] .
Affine parameter dependent models are well suited for Lyapunov based analysis and synthesis, and can be used to analyse the stability and the performance of the uncertain systems. The objective of the output feedback controller is to satisfy the following properties:
1. It should be a stabilizing controller K, such that the system is always stable for any perturbations under the condition ∥ ∆ ∥ ∞ 1 2. The H ∞ norm of the transfer function T dz (s) from the variable d to z should be less than 1, namely
The H ∞ performance can be optimized by solving the following LMI problem:
where N 12 and N 21 denote bases of null spaces of
and (C 2 , D 21 ) respectively. These terms are used to evaluate the parts that cannot be reflected by the measured output and cannot be affected by the control input. By solving the above LMI problem, the two positive definite matrices X and Y are found such that
Then, by applying the singular value decomposition to (26), we get the matrix X 2 ∈ R n×n k , where n k can be the rank of X −Y −1 . Further a matrix X c is constructed using X and X 2 as:
To solve a H ∞ synthesis controller, a matrix K composed by all unknown coefficient matrices is defined as:
Lastly, a LMI, which is only dependant on the matrix K, will be be solved and this is given by
For inequality (29) , the matrices H X C ,P X C and Q are all known and certain, having the forms of
where 12 and D 21 are respectively equal to
The H ∞ synthesis problem can be transformed into a feasibility problem of a linear matrix inequality system only dependent on the control parameters to be solved. Thus it is easy to achieve an H infinity output feedback controller based on the LMI method.
Results
To demonstrate the effectiveness of the robust controller, a 1kW bidirectional IPT prototype shown in Fig. 9 was built as a benchmark. The various parameters of the prototype are shown in Table 2 . Before performing the experiments, initial simulations were carried out where the step response of the system, controlled both with PID and H ∞ controllers, were compared. The simulations were then performed again with altered system parameters and finally conducted on the prototype. The phase shift θ is held constant at 90 • and phase angle α is varied on the pick up side controller to regulate power flow between the primary and secondary coils.
Simulations
The response time of the H ∞ controller is investigated using PLECS, a MATLAB simulation-based software package. At time t = 0, a step change in reference voltage of ±1.0kW is applied to the system corresponding to power flowing to and from the 
f 0 20kHz Figure 6 : Power regulation performance of robust controller in forward and reversed direction primary and secondary. Variations in C T ,L T and L si of 40% were introduced into the system. Fig. 6 shows the step response of the nominal system in forward and reverse direction. The gain of the H ∞ controller designed using the methods described before can be represented as: 
Experimental
To verify the results obtained from the MATLAB simulations, experiments were conducted on the prototype bidirectional IPT system, using a Texas Instruments TMS28335 microcontroller. The prototype is capable of transferring approximately 1kW of power over a 48mm air gap with 85% efficiency. The gain of the controller given in (33) in the discrete domain , when sampled at a rate of 40 kHz is given by Fig . 10 shows the step response of 1kW in the forward direction. Due to the specifications of the prototype, the maximum possible variation that can be safely applied to the system is 25%. Figs 11 and 12 show the response of the system under 25% parameter variation in tuning capacitance C T and tuning inductor L T and L si respectively. It is evident from these results that there is no significant variations from the nominal system as shown by the simulation results in Section 4.1 and thus validating the performance capabilities of the robust controller.
In order to improve the settling time of the controller, a second experiment was performed using a reduced second order controller, based on the Hankel singular value (SV) based reduction algorithm. Hankel SV's can be used to determine the dominant energy states of a stable system, which are preserved while states of lower energy are removed. Fig. 13 shows the results of the second order reduced order controller in comparison with the H ∞ robust controller for the nominal system. It can be seen that reducing the order of the controller results in some improvement in the settling time of the controller.
Conclusions
Due to their high order and nonlinear nature, the performance of bidirectional IPT systems degrade significantly with changes in systems parameters when controlled with conventional PID controllers. Therefore, a robust H ∞ controller has been designed to reduce the effects of parametric uncertainties on power regulation as well as to eliminate tedious tuning procedures associated with PID controllers. Several objective functions including settling time, rise time and peak overshoot, were minimized using LMI techniques to obtain the optimal H ∞ controller whist maintaining robust stability and tracking. Simulations using MATLAB as well as experimental tests were conducted to verify the response of the robust controller. 
